The advective diffusion is commonly observed in the outfall system, and is of considerable importance. Numerical simulation of the advective diffusion is very important to predict the evolution of the released matters in the waterways. In the current study, a basic advection-diffusion equation with analytical solution is adopted as governing equation of contaminant transportation, and is spatially discretized using the finite difference method. In order to achieve a desired accuracy in time, an efficient high order exponential integrator is used to treat the temporal derivative. A fourth order exponential Runge-Kutta method is used in the current study and compared with classic Runge-Kutta method. The performance of adopted exponential integrator is investigated in terms of accuracy and stability.
INTRODUCTION
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The advective diffusion is a very common phenomenon in outfall systems, and is of considerable importance. In some cases, the injection of contamination in natural rivers or ocean may cause significant harm. Therefore, it is very important to accurately predict the advection and diffusion process of released matters in the fluid. Furthermore, since the natural waterways are generally of large length scale, the numerical simulations of such systems require a relatively large time step size in order to reduce the computational cost while maintaining sufficient accuracy.
In order to obtain a desired accuracy, high order temporal discretization is commonly applied to the unsteady system. An efficient time integration scheme which is known as exponential integrator (EPI) has attracted more and more attentions. Mincheva and Wright (2005) define the exponential integrator as 'a numerical method which involves an exponential function of the Jacobian or an approximation of it' and traces the use of EPI in the past. Recently, a number of studies to investigate the EPI schemes are published, see Krogstad (2005) , Tokman (2006) , Celledoni and Kometa (2009) , Hochbruck and Ostermann (2010) and Clancy and Pudykiewicz (2013) .
In this study, the advective diffusion of contaminant in waterways is numerically simulated using an exponential integrator (EPI). The performance of the EPI scheme is investigated.
NUMERICAL MODEL
Governing equations
Considering a mass slug injection of contaminant at the origin over the depth in an infinitely wide rectangular channel at 0 t  , the governing advection-diffusion equation for a two-dimensional unsteady flow is: 
Spatial Discretization
In the current study, the finite difference method is used to convert the partial differential equation (1) 
Equation (2) can be written in the following quadrature form
which can be expressed in a more general form of linearization, it reads 
and the autonomous function g is expressed as 
Temporal discretization
The solution of equation (4) at nn th  is given by the variation-of-constants formula
In the integral in (10), the nonlinear function     n g C t can be approximated by a quadrature formula, and the exponential operator can be treated exactly. Furthermore, Equation (10) can be used by replacing 
This leads to an s-stage exponential Runge-Kutta (EPIRK) method, see Hochbruck and Ostermann (2010) :
with the notation that
. For the explicit EPIRK method, the coefficients in the Butcher tableau is defined as 
Using (15), the numerical scheme (12)- (14) can be reformulated as 
A four-stage exponential Runge-Kutta (EPIRK4) scheme developed by Krogstad (2005) is used in the current study, which is 
In the above tableau,  functions are denoted by
In this section, the numerical results of equation (1) 
where   M kg is the mass of the injected contaminant, d is the depth of the river, t is the elapsed time. In this test, a 1.4 1 mm  rectangular computational domain is considered, the domain is discretised with 0.02 xm  and 0.02 ym  . The parameters are given as:
A classic 4 th order Runge-Kutta (RK4) method is also applied to simulate the discretized diffusion function
and is compared with the EPIRK4 method. The Butcher tableau of the adopted Runge-Kutta method is given by , RK4 scheme yields more accurate results than adopted EPIRK4 scheme in the current study using relatively small time step. However, as increasing the time step n h , the EPIRK4 scheme shows its advantage that it allows for larger time step than RK4 scheme to stably simulate the problem. Figure 1 (2) shows the comparison between both schemes using 0.08 n hs  . It can be seen that the simulated result using EPIRK4 scheme is stable and as accurate as the result with smaller n h , while the RK4 scheme yields a completely unreasonable profile due to the numerical oscillations. , it shows that clear oscillations are observed when RK4 scheme is used, the oscillations stay at the initial position of the mass slug and do not travel with the flow, while the EPIRK4 can still stably and accurately simulate the transverse mixing and advection. Same conclusion can be drawn from the comparison in Figure 3 , in which the shaded surfaces from the values of the mass concentration are plotted, highly oscillated result of RK4 scheme is shown in the Figure 3 (1) while smooth and accurate result of EPIRK4 scheme is given in the Figure 3 (1) RK4 scheme (2) EPIRK4 scheme 
CONCLUSION
The exponential integrator has been successfully applied to the advection-diffusion equation In the current study. The EPIRK4 scheme is used to treat the mixing term in the y-direction and is compared with RK4 scheme. It can be concluded that, although the accuracy of classic RK4 scheme is slightly better than EPIRK4, the latter can allow for larger time step size to significantly reduce the computational expense while maintaining the accuracy. This advantage of EPI scheme allows its extension to large-scale stiff problems.
